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∆(z) = q
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n≥1

(1 − qn)24,
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% � � �� � 8� � � �� 6 �� �� �
1 −→ U −→ O×

τ

NK/F−→ O×
F −→ 1.

� �� ��  � �� 9 % � �� �� � � �� ��� � � �� � � �� � �� ; 9

rank SL2(OF )τ = n − 1.

� �� � = � � � � � � � � � � � �� � � � � � Rτ ≈ Rn−1�� � � � �; �� � �6 � � �� � � �

� �; � �; � � � �� � � � Rn−1/Zn−1# � � � � 9 � � � % �� � � � � (n − 1)� � �� ��

∆τ : SL2(OF )\Rτ ↪→ SL2(OF )\Hn = X .

� �� �� � � � � � � � � � �� 7� � � � � � 8 �� � �� � � � K� � � � � � � � � �� �

� � ; � � � � � = � � � �� � � � �	

> 




� �� � �� � �� � �� � � [∆τ ] ∈ Hn−1(X , Z)� � � � � �� � � #

�- ) ) ��� �� � 8 � � �� �� � �� �  � � � �� % � � � � �� 	� � 
� �; � � � = � � �� � %� � �

; � 7 � �� � �� �� � �� � �#


 n − 1� � � 7 7 9 � �� � Hn−1(X , Z)� � : �� �� #


 n − 1� �� �� � 9 � �� � Hn−1(X , C)� � � �� � �� 7 % � � �� � � � � ; � � � = �

� �� � �� � � � �� � � � �� 7 9 GL2(R)n�� � �� �� � � �  � � ; �

ηS :=
∧

i∈S

dzi ∧ dz̄i

y2
i

, S ⊂ {1, . . . , n}, |S| =
n − 1

2
.

�� �� � � �� � � � �� � �� � � � Rτ � � � �� � � �  � � � � � H� � � 7� ; � � �� � � 0 � � 1

� � 7 � �� � � � � %� � � � ηS � �� � � � � �� �  � � � � � � � � 7� ; � � �� � � 0 � � 2 9� �

 � � � �� � � � � �

∫

∆τ

ηS = 0.

� �� �� ; ; �  � � � �� � % � 7 �� �� � � #
> �



$� � e %� � �� � 8 � � �� � � � Hn−1(X , Z)tors# � �� � � �� �� � �� � n� � � � � �

Cτ � � X 9 � � � � 7� : �� 7 � � � � n� � �� �� � 9 � �� � � � � �

∂Cτ = e∆τ .

� � ω+
Eis� �� 8� � � 9

1

e

∫

Cτ

ω+
Eis

7 �� � � � � 7� �� � 7 � � � � � � � �� � � � Cτ % � � � �� � �� � �� � �� ; #


 � �� � � �� �� � 9 ! � � � � � � �� 8 �� �� � � � � � � �� �� � �� = � � �� � � �� �� � �� � � 0 � 

� �� 7� �� �� �� �� � � �� � �� � � L�  � �� �� � � � � �� � � �� � � �� � �� � =� �

� �� �� � �� � � �� � � � �� #

� � � � 9� � � �� �� � �� �� � � � � � � � 8 �� � �� � � � 9 �� � �� % �� � � �� � � � � ��

� �� �� � �� � � �� � � � �� � �  � � � �� ��
> �



$� � I ⊂ OF %� � �� � � � 7 �� � � � � � �� � � 7� � Oτ# � �� � � �� �� � �� � �� �

uτ � � �� �� � =� �� � � : � � 7 K(I) � �� � � � � �

(−2)n−1 1

e

∫

Cτ

ω+
Eis = δI(2πi)n−1 log |ṽ1(uτ )|

= δI(2πi)n−1<e

(

log ṽ1(uτ )
)

.

	 �� �� 9 δI� � � �� �� �� � � � � � �� � � � � %6 � � �� � � � � O×
K# 


� � =� �� �  � � ; � �� � � � % � � � arg ṽ1(uτ ) = =m

(

log ṽ1(uτ )
) 9 ! � � � � � � �� 8

� � 7 � � � ; � � �� � �� � � ω+
Eis

� = <ev1
ωEis

� �� � � ωEis� � �� � #

> �



� � � � �� � � � � �� � � %� � � ��  � �� ωEis� � � � �� 8� � �� � 7 Cτ� � � � � �

� � � � 7� : �� 7 � � � � n� � �� �� � 9 � �

1

e

∫

Cτ

ωEis

� � � � � � � � � � 7� : �� 7 � � � � e−1ΛEis 9 � �� ��

ΛEis =

{
∫

∆

ωEis : ∆� � n� � �� �� � � X
}

⊂ C.

�� � � �� � � � �� � � �� = � � � � ΛEis � � � � � �� � �� � � 7� �� � � �� � �� 7� �

(2πi)nQ#

$� � Λ′
Eis %� � �� �� � �� � � � � (2πi)nR =� �� � � �� 7 % � (2πi)nZ� � 7

e−1ΛEis# � �� � [Λ′
Eis : (2πi)nZ]� � : �� �� #

	 �� 
 �� �� � �� 	 ! � � � � � � �� 8� � � � ; � � 
 � �� �� � �� � �� � uτ � � �� �� � =

� �� � � : � � 7 K(I) � �� � � � � �

(−2)n−1 1

e

∫

Cτ

ωEis = δI(2πi)n−1 log ṽ1(uτ ) (mod Λ′
Eis).
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$� � E/Q %� � �� � �� � �� � � � � �� � � � � 7 �� � � � N#

� � � �� ; � 7 � �� �� � � � �� � �� ; � �� �� � 9 � �� �� � �� � � �� � � � �� � � 9

7 �; � �� � � ; � � � �� �;

ΦE : X0(N) −→ E

� �� � � � � 7� : �� 7 � �� � Q#


 >



$� � ωE� �� � �� �� � � � 7� �� �� � �� � � � � E/Q#

�� �� � � � � =� � � C 9 �� � π : H∗ → X0(N)(C) %� � �� � �� � 7� � 7

� � � �� � �� � � 9� � 7 7� : �� f(z) % �

2πif(z)dz = π∗Φ∗ωE .

� �� � f(z)� �� �� �  � � ; � � S2(Γ0(N))� � 7 � � � � � �� � �� � < � � �� � �

� �� �� � � � � �#

< � � � � � � %� �� � � � %� �� � �� � � τ ∈ H∗ 9 �� �

Λ =

{
∫ γτ

τ

2πif(z)dz : γ ∈ Γ0(N)

}

.

� �� � Λ� �� �� � �� � � � � C� � 7 � �� ; � �

H∗ → C/Λ → E(C), τ 7→ ℘Λ

(
∫ τ

∞

2πif(z)dz

)

� � � � � � � �� � �; � � �� �� � � ΦE ◦ π#

 




$� � K %� � �� ; � =� �� � � 6 �� 7 � � �� � : � � 7 � � 7 �� � τ ∈ H ∩ K#

� �� � � �� � �� � � � � �� C/〈1, τ〉� � � !" % � � � � � 7� �� � K# $� � c %� � � �

� � � 7 �� � � � #

� � !" � �� � � � 9
π(τ) ∈ X0(N)(K(c)),

� �� �� K(c)� � � �� �� � =� �� � � : � � 7 � K � � � � 7 �� � � � c#

� � ΦE� � 7� : �� 7 � �� � Q 9

uτ := ΦE(π(τ)) ∈ E(K(c)).

� �� � �� � � uτ� �� � � �� 7 � � / / ��� /- � )� � + # � �� �� �� � = �� � � �� � � �� ��

� �� � � �� � �� � � � � �� � �� � � = �� � � � �� � � �� � �� � � �� � � 7� �� � � �� 7� � � �� � � #


 




$� �
logE : E(C) −→ C/Λf = C/( �� �� � 7 � � E(C)).

%� � �� � � �� � �� � ℘Λ# � �� � � � � � � � �� ��

logE uτ =

∫ τ

∞

2πif(z)dz,

�� � 7 � $ � =� �� � � ; � � �� � = �� � � �� � � �� �� � � �� = � � � � � � � � �  � � ; �#

�� � � 7 �  � � ; � �� � � �� �� ; �  � � ; �� � � � �� �� � = �� � � �� � �

�� � �� � � 7 % � � �� � �� � �� � � �� �� � 7 � �� � � � �  � � ; �� � �� � � 7 % � � �

�� �� � � �� � � �� �� � �	

� ��  � � � � � � � � � �� � �� �� �� � � = ��� � �� � �� �� � �� � � = �� � � � �� ��

� �� � �  � � " � � 7� � �� �� � � = � � � � �� � � � �� % � � �� �� � � = �� � � � ��

� � � ; � �� ! � � � � � � �� 8 � � � �� � � � �� �


�



� � ��� �� ��

$� � F %� � � � �� � � � �� � � : � � 7 � 7� = �� � n := [F : Q] ≥ 2� � 7 �� � � ��

� �� � � � � ; %� � h+
F = 1# $� � v1, . . . , vn %� � �� � �: �� �� � �� � � � � F#

$� � E/F %� � �� � �� � �� � � � � �� � � �� � � � �� �� = � � 7 �� 7 �� �� � ��� 9� � 7

� � � � ; � � � � � E/F� � ( )� � ' &- 9� #� # 9 � �� �� � �� �� � %� � � ; � 7 � �� �  � � ;

f ∈ S2(SL2(OF )) � �� � � � � � L(E/F, s) = L(f, s)#

$� �

ωf = (2πi)nf(z1, . . . , zn)dz1 · · · dzn.

� �� � ωf� �� � � � �; � � � �� � n�  � � ; � � � �� �� � %� � � ; � 7 � �� � �� �� � � �

X := SL2(OF )\Hn.

� � �	 
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�� � � � � �� �� �� � � �� 
 � � ��� 
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� � � � �� � � � � � �� � �� � � � � � 	 � 
 � � 	 �� � �� � � � �	

�� � ��
 � 
 � �� �

� �� �� � �� � � � � � � �� � � � Wv1
, . . . , Wvn � X� � � �� � � � � 7� � = � � � ��

; � � � zi 7→ −z̄i#

$� � ω+
f %� � �� � � � �� � �� � � � ω+

f � � � � � �� +1� � � =� � � �� � �  � � � � � �

� � � � � � �� � � Wvi#

� �� ��
 � � ��  � � ; ω+
f � �� � � � �� � � �� � ωEis 9 � � � ω+

Eis# �� � � � � 7

�� �  � � ; � �� �� � � � �� �� �� � � �� � � � � � � � � �� � �� � � � ωf � � � � �

�� ; � � �� �� � � �� � =� � � �� � � � � �� Wvi� � � � � � � �� � �� +1� � � =� � � �� � � �

 � � � � � �� �� � �� � # � �� �� 2n� 8 �� � 7� = �� � � �  �� � 7 �; � � � ��

� � � � � � �� �� � � � � ; �  � �; � ��  � � � � � � �� � � �� 7� � � � � �� ; � � �� � � �

� � =� � �� � �� � �� � � �� � Hn(X , C)�� � � ; � � �� � �� � � � � 2n� �� �� �� �� � � �� � �

�� �� � � �� � � � �� � � ; � � �� � �� � � � � � �� #
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 �� � 	 
 � � � �� �� � 	

$� � K/F %� � � � � � � 8 �� � �� � � � �� � � � � � � �� � 8 �� � �� � � ṽ1 � v1 � �

K� �� �; � �� 8 #

$� � τ ∈ K %� � �� � � � � � ṽ1(τ) ∈ H� � 7 �� � ∆τ %� � �� � � � �� � � �� 7

(n − 1)� � �� �� 9� � %�  � �� # � �� �
[∆τ ] ∈ Hn−1(X , Z)

� � � � � �� � � 9 � � � �� �� � �� � n� � � � � � Cτ 9 � � � � 7� : �� 7 � � � � n� � �� �� � 9

� �� � � � � �

∂Cτ = e∆τ ,

� �� �� e� � � �� � 8 � � �� � � � Hn−1(X , Z) ��� �#
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� �� ��  � �� 9 � �� 6 �� � �� � �

1

e

∫

Cτ

ω+
f

� � � � � � 7� : �� 7 � � � �� �� ; � � � � � 

Λ+
f :=

{
∫

∆

ω+
f : ∆� � n� � �� �� � � X

}

.

$� � Λ1 %� � �� �� �� � 7 �� � �� � � � E ×v1
SpecC� � 7 �� � Ω+

i 9

i = 2, . . . , n 9 %� � �� �� � � �� �� � 7 �� � � �� � � �� 7 � � E ×vi C� � 7 � �

� � �� �� � � � 7� �� �� � �� � � ωE � � E/F# $� �
Λ+

E = Ω+
2 · · ·Ω+

n Λ1.

	 �� 
 �� �� � �� 	�� 7� 
# Λ+
f� �� �� � �� � � � �; ; � � � � � � % �� �� � � Λ+

E#
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$� �

log+
E : (E ×v1

SpecC)(C) −→ C/Λ1 −→ C/Λ+
E

%� � �� � � �� � �� � � �� �� � � � � � � � � � �� � � ; � ��� �� �� � � � �; � � �� 7 �� � �

; � � �� � �� � � �� � � % � Ω+
2 · · ·Ω+

n#

$� � I %� � �� � � � 7 �� � � � � � �� � � 7� � � � � �� � � �� 7 � � τ#

	 �� 
 �� �� � �� 	 � � � ; � � 
 � �� �� � �� � �� � � u+
τ ∈ E(K(I)) � �� � � � � �

log+
E ṽ1(u

+
τ ) =

1

e

∫

Cτ

ω+
f (mod Λ+

f + Λ+
E).
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� � � � � � � � 
 � � � �� � � 
 � � �� � ��

� � � � � � �� � � � � �� � � � �� � � �� � �� � = � �� � 8� � �� �� � � � � � � �� ; � �� �

� � � � � � � � �� � � � � � E 7� : �� 7 � �� � �� � = � �� � � : � � 7 � � � �� � � � : � � 7

K#
� � � � 7 �� � � � � � � �� � � �� � � % � � � � �� � � �� = � �� � � � E� � � �� �

� �� � � � � � ; %� � : � � 7 ��

� � � 7 �� 7 �� �� � �� � � �� % �� 9 � � E � � �� �� � � � �� �� = � � 7 �� 7 �� �� � � � �� �

K# 
 �  � � � �� � � � � � � �� �� = �� � � ��  � �� �� � �� �� 6 �� �� � � � L(E/K, s)

� �

(−1)� 	
 �� � �
 �� �� � �� ��� �� � � � 
 K = (−1)2(n−1)+1 = −1.

� �



� �� L�  � �� �� � � L(E/K(I), s) � � � � � �� �

L(E/K(I), s) =
∏

χ:Gal K(I)/K→C×

L(E/K, χ, s)

�� � � ��� � �� 7 L�  � �� �� � � L(E/K, χ, s) �� �� �: � ��  � �� �� � �� �

� 6 �� �� � �� �� � � �� � �� = � � � �� � � � � � � ; ; � � �� � � � 7 � � � � �� �� ; � �� = �

� � � ��  � �� �� � �� �� 6 �� �� � � � L(E/K, s)� −1#

� �� ��  � �� 9

rankE(K(I))

� ��

= ords=1 L(E/K(I), s) ≥ [K(I) : K].

� � � �� � 8� � �� �� � � � � � � �� ; � �� � � � � � � � � � �� � � � � � E� � =� % � � � �

� �� � �� � =� �� � � : � � 7 � � K� �� �; �� �� % �� �� � � � �� � � �� �� � �� � �� �

� � � �� 7� 7 % � � � � � � 7 �� = � �� �  � �� �� � �� �� 6 �� �� � � �#

� >



� � 
 �� � 
� �


 � 7� �� �� � = � �� � % � �� � � �� = � �� � � �� � �� � �� � 9 � � � � � � � �� 7 � ��

� � � � ; � �� � � � � � � K� � � � � � � = �� � � � �� � � � � � � �� �� = �� � � ��

 � �� �� � �� �� 6 �� �� � � � E/K� � −1#

� � � � �� �� � �� ; � � � ; � �� � � �� � � � : � � 7 � K�� � � � �� � � � � �� � � � #

� �� � �� �� 	� � � �� � � � � � � 
 � �� � �� � � � �� �� �� � � �� 8 � �� � �� � = � �� � � ��

= � �� � � � � � �� �� � � �� ��

	 � 9�� � �� 
�� � �	 
 7� � � �� � �� � � �� � %� � � ; � 7 � �� � �� �� � �� � � �� � �

6 �� �� � �� � �� � � �� ; � � � �� �� � �� � �# � �� �� �� �� � � = � � � � �� � �� � �� � = � � �

� � � � � � � ; � 7 � �� � �� � � ; � ��� �� �� � � � � � � �� � �� � � � � �� � � �� � Q % �

� 7 ; � � �� � = �� � � ; � ��� �� �� � � � % � � �� ; � � � � � � �� �� � � 7 7� �� � � � � � � � ��

% � � �� � �� � � � ; � 7 � �� � � � � �� �#

� �� �� � � � � �� �� �� � � �� �� p� � 7� � � � 7 =� �� � � �� �� � � � � � � � �� �� � � � 

� � � ; � �  � � �� � �6 �� 7 � � �� � : � � 7 � K �� �� � �� � = � �� � = �� � � � � � � �� �� �#

� 



