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K = a field.
Eventually, K = the reals, a local field, or a finite field, of odd characteristic

V = a vector space over K, dimV = 2n.

(, ) = anon-degenerate alternating K-bilinear form on V

Sp = Sp(V) = Sp(2n, K), the symplectic group
={ge GL(V): (gv, gw) = (v,w) for all v,w € V}.

H = H(V') = Heisenberg group = K x V
(a,v)(b,w) = (a+ b+ (v,w),v+w), a,be K, vyweV
Centre Z(H) of H={(c,0):c€ K }.

A: KT — C*, a character of K™

In the classical real case, K = R, A(z) = €2™; the Stone-von Neumann
Theorem says that there exists an irreducible unitary representation of H,
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called the Schrodinger representation, such that (¢, 0) acts as the scalar A(c),
and this representation is unique up to equivalence. There are versions of
this for our other fields.

The Schrodinger model

Suppose that V' has basis x1, 22, ..., Zn, Yn, .. -, Y2, y1 such that

(zi,y5) = 64

X = span of xq,x9,...,2,

Y = span of y1,¥2,...,Un

V=XaY
(r,2) =0, z,2’ € X (y,4/)=0, y,y €Y
A={(cy) lyeY}
so A is abelian.
Regard A as a character of (K,0) = Z(H), and extend A to A by defining
AMc,y) = M), ce K,yeY.
Let S be the representation of H given by Z = ind \.
This is defined to be the space of functions f : H — C such that

flah) = Ma)f(h), forallac A, heH.
The group H acts on these functions by right translation:
S(h)f(h') = f(B'R).
For (c,0) € Z(H),
S(c,0)f(h) = f(h(c,0)) = f((c,0)h) = A(c) f(h)

so Z(H) does indeed act as multiplication by .
One way to construct these functions in 7 is as follows.

Pick coset representatives 7 for A in H.

Suppose that ¢ : 7 — C is a function.



For h € H, write h = at where t € T, a € A. Define f on H by defining

f(h) = [lat) = Ma)o(t).

Then check that f(ah) = A(a)f(h). So T = ind X is given by functions on
7.

In our case, A = {(c,y) | y € Y}, and since V. = X @ Y, then coset
representatives of A in H are given by

T={(0,z)=t,|zeX}

So the underlying space of our model Z can be identified with functions S(X)
on X.

¢(x) = £((0,2)).
How does S(h) act on ¢? Suppose that h = (¢,x + y), where c € K, z € X,
yey.

S(e,x+y)oa’) = f((0,2)( cw+w)
= f(lc+ (2 y), 2" +z+y))
= f(le+2(,y) + (z,9),9)(0,2 + 2'))
Ae 2<,>+@wﬂdf+@

One takes S(X) to be the set of all (complex-values) Lo-functions on X = K",
giving us a Hilbert space.

In the real case, X = R", and one uses usual Lebesgue measure.

In the finite case, one uses counting measure, so S(X) is the set of all func-
tions on X.

In the p-adic case, one uses a Haar measure on K.

In the finite case, Stone-von Neumann follows from the fact that the character
x of S satisfies

x(e,v) =0 ifv#£0.

It then follows that the character inner product (x, x) = 1, so x is irreducible,
and if ¢ is the character of another irreducible representation in which Z(H)
acts via A then (x,() = 1 so x = (. If K has g elements, then X has ¢"
elements, so

dimS(X) =
There is an action of the symplectic group Sp(V') = Sp on H:
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g(a,v) = (a,gv), a € K, veV, g€ Sp.
Sp acts trivially on Z(H).
Define 9S(h) = S(gh), for g € Sp, h € H.

Then 95 is an irreducible representation of H, and since Sp acts trivially on
Z(H), then for (¢,0) € Z(H), 95(c,0) acts as A(c).

Then Stone-von Neumann implies that 9.5 is equivalent to S. So there is an
operator W (g) on the representation space of S such that

W(g)S(h)W (g)~" = 9S(h) = S(gh),

geSp(V), heH.
From Schur’s Lemma, W (g) is unique up to a scalar multiple.

W is called the Weil or oscillator or metaplectic representation.
From Schur’s Lemma,

W(g192) = a(g1, 92)W (91)W (g2) for some a(g1, g2) € C*, g1, 92 € Sp

W is called a projective representation of Sp(V'); « is a 2-cocyle.
Recall that V = X @ Y. Define

P={geSp(V):gY =Y }.

Then P is a maximal parabolic subgroup of G = Sp. Using the basis

T1,%2, ..., Yn, elements of P have the form
* 0
* %
Then A = K x Y is invariant under the action of P, so we can extend

the character A to the semi-direct product A x P, and form the induced
representation

ind2F A,
It follows that it is easy to determine W on P, and the cocycle is trivial on
P

The space S(X) is the direct sum of even functions and odd functions,

S(X) = 8(X)e + S(X)..
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We claim that each of S(X). and S(X), is invariant under all W(yg), g € G.
Let « = —1 € Sp(V'), so ¢ is a central involution. For ¢ € S(X) we have

If p € S(X)e then W(1)p = ¢.

If p € S(X), then W(1)p = —¢.

Then S(X). is the eigenspace for ¢ for the eigenvalue 1, and S(X), is the
eigenspace, for W (¢) for the eigenvalue -1.

Since ¢ is central in Sp then S(X). and S(X), are each invariant under all
W(g), g € Sp.

It can be shown that S(X). and S(X), give irreducible projective represen-
tations of Sp(V).
Define

GSp(V) = {g € GL(V) : (gv, gw) = d (v, w) }

for some d =d(g) € K*, v,weV}
There is an action of GSp on H by

g(c,v) = (de,gv), ce K, veV.

Then 95 is a Schrédinger representation of H, with central character A[d]
where A[t](c) = tc, ¢ € K. Take t € K* and let g = tI € Gsp, d(g) = t*.
Since g commutes with all ¢’ € Sp(V'), the Weil representation for 95 is the
same as the one for S.

Write W = W,. Then we see that

Wy = W/\[tz], te K.

If we replace each W (g) by a scalar multiple ¢(g)W (g), then we get a new
2-cocycle, say (3(g1, g2), where

B(g1, 92) = c(g1)c(g2)a(g1, g2)/c(9192)-

H2(G,C*) = Z%(G, C")/B%(G, CY)

where

a € Z3(G,CY) : algh, k)a(g, h) = a(g, hk)a(h, k)
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g,h, k € G.
a € BX(G,C") : a(g, h) = c(g)e(h)/c(gh)

for some ¢ : G — C*.

Then « and 3 are equal in H?(G, C*).
Suppose that K is finite.

If T is a projective representation of G of finite degree m, with 2-cocycle «,
T(g192) = (g1, 92)T(91)T (g2) implies

det T(g192) = (g1, g2)™ det T'(g1) det T'(g2).

So a™ =1 in H*(G,C*).

Suppose the operators T'(g) act on the vector space V. Suppose that V =
V) @V, and that V; and V, are each invariant under all T'(g).

Then we get projective representations 7 and T, with the same cocycle a.
If mg =dimV, =dimV; +1 =my + 1, then o™t and o™ are both trivial
in H2, and so is .

In our case V) = S(X),, Vo = S(X)..

In the real case, inside S is the Schwartz space of smooth functions on R",
tending rapidly to 0 at infinity. This gives another model of the Weil repre-
sentation.

In the p-adic case, there is the Schwartz-Bruhat space SB of functions on
K™ which are locally constant of compact support.

Suppose that K is a local field,
ring of integers R
maximal ideal R

Recall X = K"; let L = R"™.

Then L is compact, and so is 7L for any i € Z.

“Compact support” for ¢ € SB means that ¢ = 0 outside 7’L for some
1€ 7.

“Locally constant” means that ¢ takes the same values on all elements of the
coset 7L + w7 L for some integer j > i.

For a given ¢ € SB, we can adjust ¢ and j so that i = —j7 < 0, 7 > 0; we
can regard ¢ as a function on 7 7L /77 L.



Let S; denote the set of functions which are 0 outside 777 L and constant on
cosets of 77 /7.

For this page, assume that the conductor of A, which is the largest fractional
ideal of K on which A =1, is R.

Then §; is invariant under the Weil operators W (g) for g € Sp(2n, R).
Inside the vector space V = K?" we have the lattice M = R?"; then Sp(M) =
Sp(R?") is a maximal compact subgroup of Sp(V). Restricted to Sp(M), the
Weil representation is a direct sum

Wo® Y Wy
j=1

where Wy, is a representation of Sp(M /7% M) of dimension ¢%™.

The cocycle a = 1 in H*(Sp(M /7% M), C*) just like the finite field case, so
a=11in H*(Sp(M),C*).

A subspace X of V is called Lagrangian if it is maximal totally isotropic (e.g.
our X and Y above).

Given such X, then V = X @ Y for some Lagrangian YV; Y = X*.

One then can define the Schrédinger model S(X) as above.

Given two Lagrangians X7, Xo, define
9x,.x, X1/ X1 N Xy — (Xo/Xi N X)) (9x,.x,(21), 22) = (21, T2)
Write V = X; @V, 4, = K x Y;, T, = ind/{ A
Fx, x, : indfi1 A— imdg2 A
Fx, x,f(h) :/ f(h(O,xQ))|gX17X2|1/2dx2
X2/X1NX2

Given V = X @Y as above, identify Y with X*. If ) is a quadratic form on
X, we get a map sg : X — X* defined by ). Define

Lo={z+sgr:ze X} CV
It can be shown that Lg is Lagrangian.

FX,LQ o FLQ,Y = V(Q)FX,Y



v(Q) is called the Weil index.
For a € K* define v(a) to be v(Q,) where Q,(z) = az?.

In the finite case, v(a) = Y, az®.
Weil shows that

v(ab)v(1)
v(a)v(b)
where (a, b) is the Hilbert symbol, which is 1 if @ is a norm from K (v/D).

v(1) is an 8-th root of 1.
For Lagrangians X, X5, X3 define the quadratic form on X; @& X, & X3 by

= (CL, b)

Q(x1, T2, x3) = (21, 22) + (T2, x3) + (X3, 1) .

Then Kashiwara’s version of the Maslov (or Leray or Wall) index is the class
of @) in the Witt group Wittg.
One has

V(T(Xl, XQ, X3))2 = m(Xl, XQ)TTL(XQ, X3)’ITL(X3, Xl)

m(X1, Xz) = v(1)*- 800Dy (det gy, x,)
Now take g € Sp(V), let X; = X, Xy = gX. Let s(g) = m(X1,Xy) =
m(X, gX).

As above, we have 7; = indi MNA =K xY;,i=1,2.
Sp(V) acts on functions f : H — C* by gf(h) = f(g7'h). If X; = X, Xy =
gX, and if f € Z; then gf € Zs.

Let R(g)(f) = Fx,yx(gf). This is a “canonical” Weil representation. Its
cocycle « satisfies

algr,92)" = s(91) "' s(g2) " 5(9192)-
So ® =1 in H?(Sp(V),C*).
That @ # 1 in H*(Sp(V'),C*) follows from the non-triviality of the Hilbert
symbol.

So we can replace W(g) by s(g)W(g), and then the resulting cocycle has
values +1.

Define Mp(V) ={(e,g9) : e = £1, g € Sp(V) } called the metaplectic group:



(€,9)(¢,g') = (ecalg, 9'). 99')
Define the Weil representation of Mp(V') by

W(e,g) = eW(g)

Then W is a true (linear, not projective) representation of Mp(V).
Suppose that G; and Gy are reductive subgroups of Sp(2n, K), such that
each is the centralizer in Sp of the other.

eg. V=Vi®gV

V) has a non-degenerate symmetric bilinear form, and

V5 has a non-degenerate alternating bilinear form.

Then V; ® V5 has a non-degenerate alternating bilinear form.

V1 has isometry group O(nq, K) = G; C Sp(V)

V5 has isometry group Sp(nq, K) = Gy C Sp(V)

For:=1,2, let éz be the inverse image in Mp(V') of G;.

The Weil representation W of M p(V') can be restricted to G x Gs.

Let m be a smooth irreducible representation of G,. Let A(my) be the max-
imal quotient of S(X) on which W(él) acts as a multiple of .

Then W (Gs) acts on A(m), so we have a representation of Gy x Ga, acting
on A(m).

A theorem of Waldspurger, confirming a conjecture of Howe, is that if the
residue characteristic p # 2, then A(m;) is equivalent to m ® 7o for a unique
smooth irreducible representation o of ég. The representation s is called
the theta lift, or the Howe correspondent, of ;.
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