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K = a field.

Eventually, K = the reals, a local field, or a finite field, of odd characteristic

V = a vector space over K, dim V = 2n.

〈 , 〉 = a non-degenerate alternating K-bilinear form on V

Sp = Sp(V ) = Sp(2n,K), the symplectic group

= { g ∈ GL(V ) : 〈gv, gw〉 = 〈v, w〉 for all v, w ∈ V }.

H = H(V ) = Heisenberg group = K × V

(a, v)(b, w) = (a + b + 〈v, w〉 , v + w), a, b ∈ K, v, w ∈ V

Centre Z(H) of H = { (c, 0) : c ∈ K }.

λ : K+ → C∗, a character of K+

In the classical real case, K = R, λ(x) = e2πix; the Stone-von Neumann
Theorem says that there exists an irreducible unitary representation of H,
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called the Schrödinger representation, such that (c, 0) acts as the scalar λ(c),
and this representation is unique up to equivalence. There are versions of
this for our other fields.

The Schrödinger model

Suppose that V has basis x1, x2, . . . , xn, yn, . . . , y2, y1 such that

〈xi, yj〉 = δij

X = span of x1, x2, . . . , xn

Y = span of y1, y2, . . . , yn

V = X ⊕ Y

〈x, x′〉 = 0, x, x′ ∈ X 〈y, y′〉 = 0, y, y′ ∈ Y

A = { (c, y) | y ∈ Y }

so A is abelian.
Regard λ as a character of (K, 0) = Z(H), and extend λ to A by defining
λ(c, y) = λ(c), c ∈ K, y ∈ Y .
Let S be the representation of H given by I = indH

A λ.
This is defined to be the space of functions f : H → C such that

f(ah) = λ(a)f(h), for all a ∈ A, h ∈ H.

The group H acts on these functions by right translation:

S(h)f(h′) = f(h′h).

For (c, 0) ∈ Z(H),

S(c, 0)f(h) = f
(
h(c, 0)

)
= f

(
(c, 0)h

)
= λ(c)f(h)

so Z(H) does indeed act as multiplication by λ.
One way to construct these functions in I is as follows.

Pick coset representatives T for A in H.

Suppose that φ : T → C is a function.
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For h ∈ H, write h = at where t ∈ T , a ∈ A. Define f on H by defining

f(h) = f(at) = λ(a)φ(t).

Then check that f(ah) = λ(a)f(h). So I = indH
A λ is given by functions on

T .
In our case, A = { (c, y) | y ∈ Y }, and since V = X ⊕ Y , then coset
representatives of A in H are given by

T = { (0, x) = tx | x ∈ X }

So the underlying space of our model I can be identified with functions S(X)
on X.

φ(x) = f
(
(0, x)

)
.

How does S(h) act on φ? Suppose that h = (c, x + y), where c ∈ K, x ∈ X,
y ∈ Y .

S(c, x + y)φ(x′) = f
(
(0, x′)(c, x + y)

)
= f

(
(c + 〈x′, y〉 , x′ + x + y)

)
= f

(
(c + 2 〈x′, y〉+ 〈x, y〉 , y)(0, x + x′)

)
= λ(c + 2 〈x′, y〉+ 〈x, y〉)φ(x′ + x)

One takes S(X) to be the set of all (complex-values) L2-functions on X = Kn,
giving us a Hilbert space.

In the real case, X = Rn, and one uses usual Lebesgue measure.

In the finite case, one uses counting measure, so S(X) is the set of all func-
tions on X.
In the p-adic case, one uses a Haar measure on K.
In the finite case, Stone-von Neumann follows from the fact that the character
χ of S satisfies

χ(c, v) = 0 if v 6= 0.

It then follows that the character inner product (χ, χ) = 1, so χ is irreducible,
and if ζ is the character of another irreducible representation in which Z(H)
acts via λ then (χ, ζ) = 1 so χ = ζ. If K has q elements, then X has qn

elements, so
dimS(X) = qn.

There is an action of the symplectic group Sp(V ) = Sp on H:
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g(a, v) = (a, gv), a ∈ K, v ∈ V, g ∈ Sp.

Sp acts trivially on Z(H).

Define gS(h) = S(gh), for g ∈ Sp, h ∈ H.

Then gS is an irreducible representation of H, and since Sp acts trivially on
Z(H), then for (c, 0) ∈ Z(H), gS(c, 0) acts as λ(c).
Then Stone-von Neumann implies that gS is equivalent to S. So there is an
operator W (g) on the representation space of S such that

W (g)S(h)W (g)−1 = gS(h) = S(gh),

g ∈ Sp(V ), h ∈ H.

From Schur’s Lemma, W (g) is unique up to a scalar multiple.

W is called the Weil or oscillator or metaplectic representation.
From Schur’s Lemma,

W (g1g2) = α(g1, g2)W (g1)W (g2) for some α(g1, g2) ∈ C∗, g1, g2 ∈ Sp

W is called a projective representation of Sp(V ); α is a 2-cocyle.
Recall that V = X ⊕ Y . Define

P = { g ∈ Sp(V ) : gY = Y }.

Then P is a maximal parabolic subgroup of G = Sp. Using the basis
x1, x2, . . . , yn, elements of P have the form(

∗ 0
∗ ∗

)
Then A = K × Y is invariant under the action of P , so we can extend
the character λ to the semi-direct product A o P , and form the induced
representation

indHoP
AoP λ.

It follows that it is easy to determine W on P , and the cocycle is trivial on
P .
The space S(X) is the direct sum of even functions and odd functions,

S(X) = S(X)e + S(X)o.
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We claim that each of S(X)e and S(X)o is invariant under all W (g), g ∈ G.
Let ι = −I ∈ Sp(V ), so ι is a central involution. For φ ∈ S(X) we have

W (ι)φ(x) = φ(−x).

If φ ∈ S(X)e then W (ι)φ = φ.
If φ ∈ S(X)o then W (ι)φ = −φ.
Then S(X)e is the eigenspace for ι for the eigenvalue 1, and S(X)e is the
eigenspace, for W (ι) for the eigenvalue -1.

Since ι is central in Sp then S(X)e and S(X)o are each invariant under all
W (g), g ∈ Sp.

It can be shown that S(X)e and S(X)o give irreducible projective represen-
tations of Sp(V ).
Define

GSp(V ) = { g ∈ GL(V ) : 〈gv, gw〉 = d 〈v, w〉 }

for some d = d(g) ∈ K∗, v, w ∈ V }

There is an action of GSp on H by

g(c, v) = (dc, gv), c ∈ K, v ∈ V.

Then gS is a Schrödinger representation of H, with central character λ[d]
where λ[t](c) = tc, c ∈ K. Take t ∈ K∗ and let g = tI ∈ Gsp, d(g) = t2.
Since g commutes with all g′ ∈ Sp(V ), the Weil representation for gS is the
same as the one for S.

Write W = Wλ. Then we see that

Wλ = Wλ[t2], t ∈ K.

If we replace each W (g) by a scalar multiple c(g)W (g), then we get a new
2-cocycle, say β(g1, g2), where

β(g1, g2) = c(g1)c(g2)α(g1, g2)/c(g1g2).

H2(G, C∗) = Z2(G, C∗)/B2(G, C∗)

where
α ∈ Z2(G, C∗) : α(gh, k)α(g, h) = α(g, hk)α(h, k)
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g, h, k ∈ G.
α ∈ B2(G, C∗) : α(g, h) = c(g)c(h)/c(gh)

for some c : G → C∗.

Then α and β are equal in H2(G, C∗).
Suppose that K is finite.

If T is a projective representation of G of finite degree m, with 2-cocycle α,
T (g1g2) = α(g1, g2)T (g1)T (g2) implies

det T (g1g2) = α(g1, g2)
m det T (g1) det T (g2).

So αm = 1 in H2(G, C∗).

Suppose the operators T (g) act on the vector space V . Suppose that V =
V1 ⊕ V2 and that V1 and V2 are each invariant under all T (g).

Then we get projective representations T1 and T2, with the same cocycle α.
If m2 = dimV2 = dimV1 + 1 = m1 + 1, then αm1+1 and αm1 are both trivial
in H2, and so is α.
In our case V1 = S(X)o, V2 = S(X)e.
In the real case, inside S is the Schwartz space of smooth functions on Rn,
tending rapidly to 0 at infinity. This gives another model of the Weil repre-
sentation.

In the p-adic case, there is the Schwartz-Bruhat space SB of functions on
Kn which are locally constant of compact support.

Suppose that K is a local field,

ring of integers R

maximal ideal Rπ

Recall X = Kn; let L = Rn.
Then L is compact, and so is πiL for any i ∈ Z.
“Compact support” for φ ∈ SB means that φ = 0 outside πiL for some
i ∈ Z.

“Locally constant” means that φ takes the same values on all elements of the
coset πiL + πjL for some integer j ≥ i.

For a given φ ∈ SB, we can adjust i and j so that i = −j ≤ 0, j ≥ 0; we
can regard φ as a function on π−jL/πjL.
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Let Sj denote the set of functions which are 0 outside π−jL and constant on
cosets of π−j/πj.
For this page, assume that the conductor of λ, which is the largest fractional
ideal of K on which λ = 1, is R.

Then Sj is invariant under the Weil operators W (g) for g ∈ Sp(2n, R).
Inside the vector space V = K2n we have the lattice M = R2n; then Sp(M) =
Sp(R2n) is a maximal compact subgroup of Sp(V ). Restricted to Sp(M), the
Weil representation is a direct sum

W0 ⊕
∞∑

j=1

W2j

where W2j is a representation of Sp(M/π2jM) of dimension q2jn.

The cocycle α = 1 in H2(Sp(M/π2jM), C∗) just like the finite field case, so
α = 1 in H2(Sp(M), C∗).
A subspace X of V is called Lagrangian if it is maximal totally isotropic (e.g.
our X and Y above).
Given such X, then V = X ⊕ Y for some Lagrangian Y ; Y = X∗.
One then can define the Schrödinger model S(X) as above.

Given two Lagrangians X1, X2, define

gX2,X1 : X1/X1 ∩X2 → (X2/X1 ∩X2)
∗, (gX2,X1(x1), x2) = 〈x1, x2〉

Write V = Xi ⊕ Yi, Ai = K × Yi, Ii = indH
Ai

λ

FX2,X1 : indH
A1

λ → indH
A2

λ

FX2,X1f(h) =

∫
X2/X1∩X2

f(h(0, x2))|gX1,X2|1/2dx2

Given V = X ⊕ Y as above, identify Y with X∗. If Q is a quadratic form on
X, we get a map sQ : X → X∗ defined by Q. Define

LQ = {x + sQx : x ∈ X } ⊂ V

It can be shown that LQ is Lagrangian.

FX,LQ
◦ FLQ,Y = ν(Q)FX,Y
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ν(Q) is called the Weil index.
For a ∈ K∗ define ν(a) to be ν(Qa) where Qa(x) = ax2.

In the finite case, ν(a) =
∑

x∈K ax2.
Weil shows that

ν(ab)ν(1)

ν(a)ν(b)
= (a, b)

where (a, b) is the Hilbert symbol, which is 1 if a is a norm from K(
√

b).
ν(1) is an 8-th root of 1.
For Lagrangians X1, X2, X3 define the quadratic form on X1 ⊕X2 ⊕X3 by

Q(x1, x2, x3) = 〈x1, x2〉+ 〈x2, x3〉+ 〈x3, x1〉 .

Then Kashiwara’s version of the Maslov (or Leray or Wall) index is the class
of Q in the Witt group WittK .
One has

ν(τ(X1, X2, X3))
2 = m(X1, X2)m(X2, X3)m(X3, X1)

m(X1, X2) = ν(1)2(1−dim X1∩X2)ν(det gX1,X2)
−2

Now take g ∈ Sp(V ), let X1 = X, X2 = gX. Let s(g) = m(X1, X2) =
m(X, gX).

As above, we have Ii = indH
Ai

λ, Ai = K × Yi, i = 1, 2.
Sp(V ) acts on functions f : H → C∗ by gf(h) = f(g−1h). If X1 = X, X2 =
gX, and if f ∈ I1 then gf ∈ I2.

Let R(g)(f) = FX,gX(gf). This is a “canonical” Weil representation. Its
cocycle α satisfies

α(g1, g2)
2 = s(g1)

−1s(g2)
−1s(g1g2).

So α2 = 1 in H2(Sp(V ), C∗).

That α 6= 1 in H2(Sp(V ), C∗) follows from the non-triviality of the Hilbert
symbol.
So we can replace W (g) by s(g)W (g), and then the resulting cocycle has
values ±1.

Define Mp(V ) = { (ε, g) : ε = ±1, g ∈ Sp(V ) } called the metaplectic group:
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(ε, g)(ε′, g′) = (εε′α(g, g′), gg′)

Define the Weil representation of Mp(V ) by

W̃ (ε, g) = εW (g)

Then W̃ is a true (linear, not projective) representation of Mp(V ).
Suppose that G1 and G2 are reductive subgroups of Sp(2n, K), such that
each is the centralizer in Sp of the other.

e.g. V = V1 ⊗K V2

V1 has a non-degenerate symmetric bilinear form, and
V2 has a non-degenerate alternating bilinear form.
Then V1 ⊗ V2 has a non-degenerate alternating bilinear form.

V1 has isometry group O(n1, K) = G1 ⊂ Sp(V )
V2 has isometry group Sp(n2, K) = G2 ⊂ Sp(V )

For i = 1, 2, let G̃i be the inverse image in Mp(V ) of Gi.

The Weil representation W̃ of Mp(V ) can be restricted to G̃1 × G̃2.

Let π1 be a smooth irreducible representation of G̃1. Let A(π1) be the max-

imal quotient of S(X) on which W̃ (G̃1) acts as a multiple of π1.

Then W̃ (G̃2) acts on A(π1), so we have a representation of G̃1 × G̃2, acting
on A(π1).

A theorem of Waldspurger, confirming a conjecture of Howe, is that if the
residue characteristic p 6= 2, then A(π1) is equivalent to π1 ⊗ π2 for a unique

smooth irreducible representation π2 of G̃2. The representation π2 is called
the theta lift, or the Howe correspondent, of π1.

More references

D. Prasad, A brief survey on the theta correspondence, Number theory,
(Tiruchirapalli, 1996) 171–193, Contemp. Math., 210, Amer. Math. Soc.,
Providence, RI, 1998.

P. Gérardin, Weil representations associated to finite fields, J. Algebra 46
(1977), 54–101.

J.-L. Waldspurger, Demonstration d’une conjecture de duality de Howe dans
le case p-adiques, p 6= 2, Festschrift in Honor of Piatetski-Shapiro, vol. 2,
Israel Math. Conf. Proc., 1990, pp. 267–324.

9


